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Lecture 14: Multiple Regression
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Simple Regression: Change in Notations
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Simple Regression: Change in Notations

Y = X
bO T bl\ 1 Coefficient
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Goals in Simple Regression

1. Test if a linear relationship between two variables exists

2. Describe the linear relationship in mathematical form
* That would help us make predictions with new data

? — bo +b1X1

Steps:

 Assumptions checking: Linearity / Normality / Outliers
e Correlation Coefficient / Hypothesis Testing

e Variance explained by the model / Effect Size

* Regression Line

* Predictions

* Visualization

e Residuals / Post-fit checking: Residual Plot



The world is more complicated

Data from: http://archive.ics.uci.edu/ml/datasets/Wine

“These data are the results of a chemical analysis of wines grown in the
same region in ltaly but derived from three different cultivars. The
analysis determined the quantities of 13 constituents found in each of
the three types of wines.”

The wine were then rated by wine experts. We’re going to look at the
red wine only.

* Fixed Acidity * Free Sulfur Dioxide
* Volatile Acidity * Total Sulfur Dioxide
e Citric Acid * Density
e Residual Sugar * pH
* Chlorides * Sulphates

e Alcohol

 Quality



Wine Quality: The Design

 What was the research question? What was the target population?
* Was it an experiment, quasi-experiment, or an observational study?
 What were the IV(s) and DV(s)?

 How were the IV(s) and DV(s) operationalized?
(also, scale of measurement?)

e Was it a between / within-subjects design?

 What are the expected results?
If the manipulation does not work:
If the manipulation works:



Wine Quality: Goals in Multiple Regression

1. Test if a linear relationship between multiple predictor variables and
the dependent variable
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Wine Quality: Goals in Multiple Regression

1. Test if a linear relationship between multiple predictor variables and
the dependent variable

2. Search for the simplest (parsimonious) model that describes the
relationship

* Use the fewest predictors possible

3. Describe the linear relationship in mathematical form
* That would help us make predictions with new data
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the model (from data)



Wine Quality: Goals in Multiple Regression

1. Test if a linear relationship between multiple predictor variables and
the dependent variable

2. Search for the simplest (parsimonious) model that describes the
relationship

* Use the fewest predictors possible

3. Describe the linear relationship in mathematical form
* That would help us make predictions with new data

? — bx lel
? — bO ~+ b1X1 ~+ bzXz + .-
Coefficient learned J

during training



Import Data

 Download the data file:
http://archive.ics.uci.edu/ml/datasets/wine

* Tell R where you data file is:
Session = Set Working Directory = Choose Directory

* Check the comma separated values (csv) file with MS Excel to ensure
correct format

* Import the file into R as a data frame, saving it to “intelligenceData”
variable

= read.csv("file_name.csv'")



Data Structure (long data frame

chlorides  free.sulfurdioxide total.sulfurdioxide

€ Rstudio
Eile Edit Code Miew Plots 5ession  Build  Debug Profile Tools Help
1-| & - = EE - Addins ~
13 psyc193r_ 114 _wine. R* % E‘l psyc193r_I14_multiple-regression.Emd = | wineData
=i &1 | 5F Filter
fixed.acidity = wolatile.acidity = citric.acid | residual.sugar
1 74 0.700 0,00 1.90 0.076 11
2 7.3 0.380 0.00 2,60 0.093 25
3 7.3 0,760 0,04 230 0.092 15
4 1.2 0.280 0.56 1.90 0.075 17
5 74 0,700 0,00 1.50 0.076 11
& 74 0660 0,00 1.80 0.075 13
T 7.9 0,600 0,06 1.60 0.069 15
-] 7.3 0,650 0,00 1.20 0.065 15
a9 7.8 0,580 0.02 2,00 0.073 o9
11 6.7 0.580 0.08 1.80 0.097 15
13 5.6 0,615 0,00 1.60 0.089 16
15 a9 0,620 018 3.80 0.176 52
16 a9 0,620 0,19 3.90 0.170 51
17 85 0.280 0.56 1.80 0.092 35
19 74 0.590 0,08 440 0.086 &
21 39 0,220 0,43 1.80 0.077 29
22 76 0,390 031 230 0.082 23
23 7.9 0430 0.21 1.60 0.106 10

Showing 1 to 18 of 1,517 entries
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density
0.9973
0.9963
0.9970
0.9930
0.9973
0.9973
0,9964
0,9946
0.,9963
0.9959
0,9543
0.9936
0.,9936
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0.,9932
0.9966

pH

3.5
3.20
3.26
3.16
3.5
3.5
3.30
3.39
3.36
3.28
3.58
3.16
3.7
3.30
3.38
3.39
3.52
3.7

sulphates alcohol

0.56
0.68
0.65
0.58
0.56
0.56
0.46
047
0.57
0.54
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0.91

9.4
9.8
9.8
9.8
9.4
9.4
9.4
10,0
9.5
9.2
9.9
9.2
9.2
10.5
9.0
9.4
9.7
9.5

= ]

quality
5 M
5
5

o

[= (T R T BT BT BT}

[}



Data Formatting / Processing / Cleaning

e Factorize

. = factor(wineData$ ___ )

* Coerce to a numeric variable

. = as.numeric(winebpata$ ___ )

* Maybe doing it in a for loop?
For (i in 1: _ ){

}

wineData$ ... =




Check for outliers (histogram)

* We want to draw all the histograms on one page, and there are 12 of
them. So we can make it a grid of histograms

par(mfrow=c(3,4))

e Use a for loop to draw histograms of the variables

for (i in 1l:ncol(wineData)){
hist(winebata[ __ , __ ], # draw the i-th column
# include the name of the variable as the x-axis Tlabel
xlab = names(wineData)[1],
# turn off the title
main = NULL)
}

# switch back to the 1 x 1 drawing panel
par(mfrow=c(1,1))




Check for outliers (histogram
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Check for outliers (linearity between [V's and DV)

* We want to draw all the histograms on one page, and there are 12 of
them. So we can make it a grid of histograms

par(mfrow=c(3,4))

e Use a for loop to draw histograms of the variables

for (i in ____ ){
# plot the scatterplot between 1-th IV and DV
plot(winebatal __ , __ ], winebatal[ _ , _ 1,
# include the name of the variable as the x-axis Tlabel
xlab = names(winebData)[ __ ], ylab = names(wineData)[ __ ],
# turn off the title
main = NULL)

}

# switch back to the 1 x 1 drawing panel
par(mfrow=c(1,1))




Check for outliers (linear relationship
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Remove outliers

* For each variable: remove obvious outliers (usually X > M, + 3SD)

* Use subset [ ], e.g.,

wineData = wineData[wineData$residual.sugar < 10,]




Ok... Let’s check for outliers again
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Ok... Let’s check again (linearity between IV's and DV)
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Picking the relevant predictor variables

1. Predictor selection should be hypothesis driven
* The resulting mathematical equation should be interpretable

2. With multiple regression, it is tempting to include all possible things
you Can measure
* Testing too many variables inflates Type | error
* It loses simplicity / parsimony

3. Predictors should be uniquely contributing to the variance of the
dependent variable

* Correlation between individual predictor variable and the dependent variable
should be "high"

* Correlation between predictor variables should be "/low"



Picking the relevant predictor variables

1. Predictor selection should be hypothesis driven
* The resulting mathematical equation should be interpretable

2. With multiple regression, it is tempting to include all possible things
you Can measure
* Testing too many variables inflates Type | error
* It loses simplicity / parsimony

3. Predictors should be uniquely contributing to the variance of the
dependent variable

e Correlation between individual predictor variable and the dependent'variable
should be "high"

e Correlation between predictor variables should be "/low"



High correlation (>.2) between individual Vs and DV

The Correlation Matrix: cor ()

37 psyc193r_114 wine.R

&d |
fixed.acidity
volatile.acidity
citric.acid
residual.sugar
chlorides
free.sulfur.dioxide
total.sulfur.dioxide
density
pH
sulphates

alcohol

quality

| wineData

1.00
-0.26
0.69
0.15
016
0,16
011
0.68
0.1
0.22
-0.06
012

Showing 1to 12 of 12 entries

fixed.acidity wolatile.acidity

-0.26
1.00
-0.56
0.04
012
-0.01
0.09
0.02
0.24
-0.33
-0.20
-0.39

| corMatrin

citric.acid

0.69
-0.56
1.00
0.16
0.10
-0.07
0.01
0.38
-0.53
0.3
0.13
0.24

residual . sugar

0.15
0.04
0.6
1.00
0.10
0.06
0.13
0.34
-0.09
0.06
011
0.02

chlorides

0.16
0.2
0.10
0.10
1.00
-0.05
0.05
0.30
-0.19
0.07
-0.22
0.15

free.sulfurdioxide total.sulfurdioxide density

0,16
-0.01
-0.07
0.06
0.05
1.00
0.67
-0.06
0.09
0.05
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-0.05
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0.09
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0.13
0.05
067
1.00
0.08

-0.03

-0.01

-0.22

-0.21

0.68
0.02
0.38
0.34
0.30
-0.06
0.08
1.00
-0.35
0.6
-0.49
0,18

pH
-0.71
0.24
-0.53
009
0159
0.09
-0.03
-0.35
1.00
-0.07
0.19
-0.07

sulphates
0.22
-0.33
0.31
0.06
0.07
0.05
-0.01
0.16
-0.07
1.00
0.20
0.35

alcohol
-0.06
-0.20
0.13
0.1
-0.22
-0.06
-0.22
-0.49
0.19
0.20
1.00
0.43
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Low correlation (<.5) between Vs

The Correlation Matrix: cor ()

37 psyc193r_ 114 wine.R %

- ST
fixed.acidity
volatile.acidity
citric.acid
residual.sugar
chlorides
free.sulfur.dioxide
total.sulfur.dioxide
density

pH

sulphates

alcohol

quality

~ |wineData »

1.00
-0.26
0.69
0.15
016
0.16
011
0.68
0.1
0.22
-0.06
012

Showing 1to 12 of 12 entries

-0.26
1.00
-0.56
0.04
012
-0.01
0.09
0.02
0.24
-0.33
-0.20
-0.39

| corMatrix ®

fixed.acidity wolatile.acidity | citric.acid

0.69
-0.56
1.00
0.16
0.10
-0.07
0.0
0.38
0.53
0.3
0.13
0.24

residual . sugar

0.15
0.04
0.6
1.00
0.10
0.06
0.13
0.34
-0.09
0.06
011
0.02

chlorides

0.16
0.2
0.10
0.10
1.00
-0.05
0.05
0.30
-0.19
0.07
-0.22
0.15

free.sulfurdioxide total.sulfurdioxide density

0,16
-0.01
-0.07
0.06
-0.05
1.00
oed
-0.06
0.09
0.05
-0.06
-0.05

011
0.09
0.01
0.13
0.05
067
1.00
0.08

0,03

-0.01

-0.22

-0.21

0.68
0.02
0.38
0.34
0.30
-0.06
0.08
1.00
-0.35
0.6
-0.49
0,18

pH
-0.71
0.24
-0.53
009
0159
0.09
-0.03
-0.35
1,00
-0.07
019
-0.07

sulphates alcohol

0.22
-0.33
0.31
0.06
0.07
0.05
-0.01
016
0,07
1.00
0.20
0.35

-0.06
-0.20
0.13
0.1
-0.22
-0.06
-0.22
-0.49
0.19
0.20
1.00
0.43

= [

quality
0.12
-0.39
0.24
0.02
0.15
-0.05
0.21
0.18
-0.07
0.35
0.48
1.00



Combining the two

[
The Correlation Matrix: cor ()

@] psyc193r_M4_wineR * |wineData x | corMatrix » | = ]

“:::'-,f|:ﬁ| " Filter [‘1 ]

o

fixed.acidity volatile.acidity | citric.acid  residual.sugar chlorides free.sulfurdioxide totalsulfurdioxide density pH = sulphates alcohol quality

Rt end

Showing 1to 12 of 12 entries




Removing variables

e Save only the relevant predictors + dv in a new data frame
name it as wineReduced

* Check if you have the right variables in the new data frame

head (wineReduce)



Nested Models

Intercept model: Y = b,

Full model: Y = by + by X; +byX, + b3 X5+ by X,



Nested Models

Intercept model: ¥

b 0 /> “nested in”
by + by X, /->
bZXZ

Model 1: Y =

Model 2: Y = by + b X, +

Model 3: Y = by + by X, + by X, + b3 X5 />
Full model: Y = by + by X; +byX, + b3 X5+ by X,



R? in Nested Models

R? = variance explained in the model

Intercept model: Y = bg-""""""TT T TTTooTo oo Rizntercept
Model 1: Y = bo+ b X"~ """t RI%/Iodel_l
Model 2: Y = bo + b1 X1 +byXy -7 RI%/Iodel_Z
Model 3: P = by + by X; + b, Xy + bsXg---------- Ritodel 3
Full model: ¥ = by + by Xy + by Xy + bsXs + byXa -~ REu1 model

2 2 2 2
Rmtercept < RModel_l < RModel_Z < RModel_B < Rfull_model

Rfull model < Rwl _dv + sz _dv + Rw3 _dv + Rw4 dv

¥ R? when only a single IV is
correlated with the DV



Nested Models

Intercept model: ¥ = b,

mean of DV

wine.intercept.Im = Im( dv ~ 1, data = wineReduced )

Full model: ? = bo + b1X1 + bZXZ + b3X3 + b4_X4

volatile.acidity
total.sulfur.dioxide
sulphates
alcohol

wine.full.Im = Im(C dv ~ volatile.acidity, ...

data = wineReduced )



Nested Models

Intercept model: Y = b,

Coefficients:
Estimate Std. Error t value Pr(>|t])
(Intercept) 5.63744 0.02069 272.5 <2e-16 ***

Signif. codes: 0 ‘***’ (0,001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 * ’ 1

Residual standard error: 0.8059 on 1516 degrees of freedom

Full model: Y = by + by X; +byX, + b3 X5+ by X,



Wine Quality Equation

A\

Y =2.62 — 1.11 X volitile. acidity — 0.00242 X total. sulfur.dioxide
+1.15 X sulphates + 0.285 X alcohol

v v

Intercept  Coefficients Coefficients

Coefficients:
Estimate Std. Error t value Pr(>|t])

(Intercept) 2.6182760 0.2058383 12.720 < 2e-16 ***
volatile.acidity ~1.1139841 0.0985556 -11.303 < 2e-16 ***
total.sulfur.dioxide -0.0024198 0.0005487 -4.410 1.11le-0Q05 ***
sulphates 1.1494063 0.1306377 8.798 < 2e-16 ***
alcohol 0.2851406 0.0164983 17.283 < 2e-16 ***
Signif. codes: 0 ‘¥¥%’ 0.001 ‘**’ 0.01 ‘*’ 0.05 *.’ 0.1 * ’ 1 dr=n - k*
1IN COREs: ' ' ' ' ' /Wherek*isthe numbers of
Residual standard error: 0.643 on 1512 degrees of freedom parameters youre

estimating including an

Multiple R-squared: 0.3652, Adjusted R-squared: 0.3635 intercel

F-statistic: 217.4 on 4 and 1512 DF, p-value: < 2.2e-16



Model Comparison: Full vs Intercept Model

_ (SSEreduced R SSEfull)/(p o k) ~F
SSEpu/(n—p —1) p-kn-p—1

n = number of entries / participants
p = number of predictors in full model
k = number of predictors in the reduced model

F

anova( reduced_model, full_model )

Analysis of variance Table

Model 1: quality ~ 1

Model 2: quality ~ volatile.acidity + total.sulfur.dioxide + sulphates + alcohol
Res.Df RSS Df Sum of Sq F Pr(>F)

1 1552 1017.79

2 1548 650.63 4 367.15 218.38 < 2.2e-16 *¥*

Signif. codes: 0 ‘***’ (0.001 ‘**’ 0.01 ‘*’ 0.05 *.” 0.1 “ ’ 1



Post-fit checking (Residual Plot)

e X-axis is the predicted values
using the model

wine.full.fitted = predict(

Im_model,
predictors ) = 7

* Y is the residuals of the model
(errors in prediction)

wine.full.resid = resid( Im_model )

wine full.resid

* The graph should look like a
random cloud

plot( fitted_values, residuals ) . o
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Multicollinearity: Variance Inflation Factors

e Correlations between predictor variables

* VIF(f;) > 10 - multicollinearity is high: the predictor variable can
be explained by others in the model

VIFl — >
1 — R
Tibrary(car)
vif( Tm_model )
volatile.acidity total.sulfur.dioxide sulphates alcohol

1.150168 1.054194 1.151780 1.113112



